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Abstract: Microbubble transport in a potential flow about a sphere is studied. A system of differential
equations is solved numerically to model the propagation of microbubbles subject to the Kelvin impulse,
pressure gradients and drag. Buoyancy due to the pressure gradient is found to be the dominant force,
but the deviation from streamlines is small. Finally, the inclusion of a viscous boundary layer is shown to
prevent bubbles colliding with the sphere surface.
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1. Introduction
A microbubble advected by a potential flow will deviate from the streamlines due to complex forces
which occur as a one-way interaction by the flow on the microbubble. While the pressure field produced
by an inviscid potential flow around a sphere reaches a minimum pressure at the maximum ordinate,
predicting the trajectory and pressure history of an advected microbubble is not straight-forward. Johnson
and Hsieh [1] have shown that some bubbles advected around a blunt body may be ‘screened’ by the region
of high pressure near the stagnation point and are prevented from reaching the low-pressure region.
Brandner et al [2] have found that the rate of cavitation events predicted by potential flow around a sphere
are an order of magnitude greater than is seen in experiments. Similar conclusions result from the analytical
model investigated by Liu et al [3].
In this paper, the forces acting on a microbubble are modelled during advection past a sphere. The
fluid moves according to a classical potential flow, with a laminar boundary layer near the sphere’s surface.
The bubble motion is governed by a force acting as applied to Newton’s second law and its growth
according to the Rayleigh-Plesset equation. The relative effect of each force is considered for a typical
trajectory, and the effect of the pressure gradient is shown to dominate other forces. Finally, the inclusion
of a viscous boundary layer is shown to prevent bubbles from colliding with the sphere’s surface.
2. Numerical model
A sphere of radius 𝑎 is considered in a fluid flowing with freestream speed 𝑢∞ . A Cartesian coordinate
system is located with the origin at the centre of the sphere. The positive 𝑧-axis is oriented to point in the
direction of the freestream fluid motion and y-axis pointing upwards. Due to the symmetry of the model,
it is often useful to use both Cartesian and spherical coordinate systems. As such, the polar angle 𝜃 is
measured clockwise from the forward stagnation point and distance 𝑟 from the sphere’s centre. A
schematic of the system is given in Figure 1. All results presented here are computed with 𝑎 = 75 mm.
The components of the fluid velocity 𝒖 = 𝑢𝑟 𝑒̂𝑟 + 𝑢𝜃 𝑒̂𝜃 follow from classical inviscid theory
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and the corresponding pressure field is given by Bernoulli’s principle.
The characteristic flow parameters are the cavitation number 𝜎 and sphere Reynolds number 𝑅𝑒𝑠 ,
defined to be
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Here 𝑃0 is the freestream static pressure measured at the height of the forward stagnation point, 𝑃𝑣 is
vapor pressure, 𝜌 is the density of the fluid and 𝜈 is the kinematic viscosity.

Figure 1. A schematic of the coordinate system orientation and example streamline about the sphere.

The bubbles are assumed to remain spherical and the Rayleigh-Plesset equation is used to model
the change in radius 𝑅 (Franc and Michel [4](P.37):
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where 𝑃𝑔0 is the pressure inside the bubble at equilibrium, 𝑅0 is the initial bubble radius, 𝑘 is the
polytropic index, 𝑃 is the pressure of the fluid at the location of the bubble and 𝛾 is the surface tension
parameter.
Following the derivation presented by Johnson and Hsieh [1], the equation of motion describing
the trajectory of the bubble follows from a consideration of the component forces. Some minor
simplification yields a differential equation for the bubble velocity 𝒘:
2
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The drag coefficient 𝐶𝐷 is calculated from an empirical equation [1]:
𝐶𝐷 =

24
𝑅𝑒𝑏

(1 + 0.197𝑅𝑒𝑏 0.63 + 2.6 × 10−4 𝑅𝑒𝑏 1.38 )

(5)

wherein 𝑅𝑒𝑏 is the Reynolds number of the bubble, defined to be
𝑅𝑒𝑏 =

2𝑅|𝒖−𝒘|
𝜈

(6)

.

The first term on the right side of equation 4 is due to the Kelvin impulse, the second term accounts
for the drag due to velocity difference between the bubble and carrier fluid, and the final term
represents the force due to pressure gradients.
Equations 3 and 4 are integrated using a stiff Runge-Kutta integrator until the microbubble reaches
the meridian at 𝜃 = ±𝜋⁄2, Collides with the surface of the sphere, or reaches critical pressure.
Bubbles are assumed to activate if they experience a local fluid pressure lower than the Blake critical
pressure, Pc. An expression for the Blake critical pressure is given by Brennen [5](p.52):
𝑃𝑐 = 𝑃𝑣 −
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Figure 2 compares typical trajectories of microbubbles (solid lines) and corresponding streamlines
(dashed lines), for varying initial bubble heights 𝑦0 . The initial bubble radius, cavitation number
and Reynolds numbers are all held constant, with 𝑅0 = 50 𝜇m, 𝜎 = 0.8 and 𝑅𝑒𝑠 = 106 . Three of the four
bubbles experience pressures below 𝑃𝑐 (black dashed line) and are activated. The trajectories do not
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deviate noticeably from the streamline until they near the sphere, where the local pressure gradient
pushes the bubbles away from the leading stagnation point. Near the top of the sphere, the direction of
the pressure gradient inverts, and the bubbles are drawn inwards.

Figure 2. Typical trajectories of microbubbles compared with streamlines passing through the same starting
conditions, for 𝑅0 = 50 𝜇m, 𝜎 = 0.8 and 𝑅𝑒𝑠 = 106 . The solid black line denotes the edge of the sphere and
dashed black line the critical pressure contour.

The individual force components acting on the bubble starting at 𝑦0 = 𝑎 (red line) are presented
in Figure 3 and are broken into components tangential (a) and transverse (b) to the motion of the bubble.
In each case the effects of the Kelvin impulse and drag are small compared to pressure gradients,
particularly as the bubble nears the top of the sphere where the strong negative gradient draws it towards
the surface. Even for a large bubble there is very little deviation from the streamline and the overall
screening effect is small. This is consistent with the findings of Liu et al [3], who noted that screening
effects on a sphere were insufficient to explain discrepancies in the cavitation event rate predicted
analytically with that observed experimentally.

(a)

(b)

Figure 3. Force components acting tangential (a) and transverse (b) to the velocity of a microbubble
with 𝑅0 = 50 𝜇m, 𝜎 = 0.8 and 𝑅𝑒𝑠 = 106 and 𝑦0 ⁄𝑎 = 1 (red line in Figure 2) as it passes the sphere.
Note the different scales of the vertical axes.

3. The Boundary Layer
In some cases bubbles may collide with the surface of the sphere. Similar phenomena have been noted
by Beelen and van Rijsbergen [6]. To prevent these collisions we now include a viscous boundary layer on
the surface of the body. A series expansion is used to solve the boundary layer equations at small angle
from the stagnation point, using the method described by Crabtree et al [7](PP.421-422). The NewtonRaphson method is then used to solve the boundary layer equations for larger angles. The edge of the
boundary layer is defined to be the point at which the tangential velocity is 99% of the external flow
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velocity. In all cases, the boundary layer modelled using this method prevents bubbles colliding with the
sphere surface. This effect is illustrated in Figure 4, which compares typical microbubble trajectories near
the sphere surface in regimes with and without the boundary layer. Five trajectories are shown,
representing different starting positions 𝑦0 , with initial bubble radius 𝑅0 = 50 𝜇m and flow characteristics
𝜎 = 0.8 and 𝑅𝑒𝑠 = 106 . The bubbles pass a small way into the boundary layer before moving out to the
edge. They are then advected further around the sphere.

Figure 4. Comparison of bubble trajectories near the sphere with the viscous boundary layer (solid line) and
without (dashed line), with varying initial bubble starting height𝑦0 . Flow parameters are 𝜎 = 0.8 and 𝑅𝑒𝑠 =
106 . All bubbles have initial radius 𝑅0 = 50 𝜇m and start at 𝑧0 = −5𝑎.

4. Conclusions
A numerical method is considered for modelling the dynamics of microbubbles in a potential flow
around a sphere. The effect of pressure gradients is found to dominate drag and Kelvin impulse forces and
the overall deviation from streamlines is shown to be small. The boundary layer is found to play a critical
role in preventing bubbles colliding with the surface.
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